1 To avoid un-realistic solutions like expansion shocks from appearing as a part of a solution it is necessary to satisfy the entropy condition for the Roe scheme. A variety of entropy fix formulae for the Roe scheme have been addressed in the literature. Three of the most famous are due to Harten-Hyman and Hoffmann-Chiang. These formulations have been assessed in this paper by applying them to the inviscid Burgers' equation and shock tube problem. These entropy fix formulations are unable to totally diminish the expansion shock in the vicinity of sonic expansions. Moreover, they are not universal, i.e. a single formulation is not adequate for the scalar Burgers' equation, shock tube problem and multi-dimensional cases and different formulations were suggested for each case. A simple modification to the Harten formulation is presented in this paper. This modification basically enlarges the band over which the entropy fix condition is enforced. The resulting formulation is able to totally remove the non-physical expansion shocks from the region of sonic expansion without affecting the rest of the computational domain. Comparison among the exact solution, and the entropy correction formulae of HartenHyman and Hoffmann-Chiang and the currently modified formula are shown here. The modified entropy fix formulation can totally diffuse the expansion shock. Moreover, the current formula does not affect the solution in the rest of the computational domain. Besides the modified formula, as a single formulation, can universally be applied over a wide range of applications from scalar equations to the governing equation of fluid motion. Finally in this paper, the following test cases are performed to assess the accuracy of the modified entropy formulation: inviscid shear flow, transonic flow over a bump, and transonic flow in a Laval Nozzle. Very accurate results are obtained. In the current study a second order upwind scheme of Roe with minmod flux limiter is applied.
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Introduction
A scalar Riemman problem, such as the inviscid Burgers' equation subject to an initial condition with discontinuity, could easily be solved by an Exact Riemman Solver (ERS) like the Godunov method. However, when an ERS is applied to the governing equations of fluid motion, it will give a computationally inefficient iterative technique. For example, consider the governing equation of unsteady fluid motion for a one-dimensional flow, like the shock tube problem. This equation can be expressed in a fully conservative form as follows:
where t is time, x is space, Q is the solution vector, and F is the flux vector. This equation introduces a non-linear set of three coupled scalar equations for the one-dimensional case. Solving these equations by any type of iterative exact method, such as the ERS, is not computationally efficient. One alternative idea that has been successfully used is to employ Approximate Riemman Solvers (ARS) for the fluid equations. One of the most popular ARS, has been proposed by Roe (1981) . The ARS of Philip Roe (1981) suggests solving the linearized form of Eqn. 1, i.e. ∂Q ∂t +Ā ∂Q ∂x = 0 (2) where according to Roe (1981) ,Ā is a locally constant matrix and is determined in the so called Roe's averaged condition and satisfies certain conditions which Roe termed property U . SinceĀ in Eqn. 2 is locally constant, discrete expansion waves could appear as a non-physical process such as an expansion shock. The reason for the generation of this expansion shock by the Roe scheme can be better explained if the scheme is applied to the inviscid Burgers' equation. The Burgers' equation may be written as: when subjected to the Roe's linearization method, it will take the form:
whereū is locally constant according to Roe (1981) . Therefore, the solution of Eqn. 4 in each locality is equivalent to the solution of the wave equation:
where a is the wave speed. In fact, the wave equation, Eqn. 5, exactly reproduces the initial data at a distance a · t from its original location, where t is the time elapsed. That is, the initial data without any damping, amplification or any other change has been reproduced. For the case if it was possible that the wave speed a would vanish, Eqn. 5 would reduce to ∂u/∂t = 0, for which the solution would be u =constant. That is, the initial data would be faithfully reproduced in its original location for any other time.
The linearized Burgers' equation, Eqn. 4, behaves exactly like the wave equation becauseū is locally constant. For the case thatū vanishes, the initial data regardless of its configuration whether it is a compression or expansion, is faithfully reproduced. In other words, the linearized Burgers' equation, Eqn. 4, is blind to distinguish between a compression or expansion, since each is a valid solution of Eqn. 4. However an expansion shock is not a valid solution of the original Burgers' equation, Eqn. 3, and the correct physical solution is that the initial expansion condition must totally diffuse to a centered fan around the point of expansion. The existence of expansion shocks is a violation of the second law of thermodynamics, since it implies entropy reduction. This is corrected as shown in the following.
Entropy Correction
Later in this paper, it is shown that the Roe scheme is absolutely non-diffusive for grid aligned flows. For the oblique grids the amount of diffusion is very low. Therefore, they are very suitable for the computation of viscous flows, by which the viscous regions could be computed with minimum exaggeration in shear layers, e.g. boundary layers. However, in the computations of inviscid flows some non-physical solutions such as expansion shocks may occur [Hirsch (1990 ), Tannehill et. al. (1997 , and Hoffmann and Chiang (1993) ].
The non-physical expansion shocks only occur in those regions of the computational domains that expansions are observed through sonic regions, i.e. sonic expansion, in the case of Burgers' equation in the vicinity ofū=0. In order to cure this problem we need: (1)-the location of the sonic expansion in the domain of computation to be detected, and (2)-the expansion shock to be avoided by diffusing the expansion shocks into expansion fans in the region of sonic expansion. Procedures (1) and (2) together are referred to as entropy correction or entropy fix.
(1)-Sonic expansion corresponds to the regions where the wave speed vanishes. As mentioned earlier, for the Burgers' equation, it happens in the locality ofū ≈ 0. For the one-dimensional flow, e.g. shock tube problem, the governing equations of fluid motion could be decomposed into an equivalent system with three scalar equations each being similar to the wave equation, i.e.
where w 1 , w 2 , and w 3 are Riemann invariants, which are constant along characteristic lines dx/dt = λ 1 , λ 2 or λ 3 and λ 1 = u − c, λ 2 = u, λ 3 = u + c are the eigenvalues of the flux Jacobian matrix or the wave speed. For the one-dimensional flow, the regions of sonic expansion could be detected by searching the regions that |λ| approaches zero, or |λ| < , where is a small and positive number which is carefully determined. In fact is the size of the band over which the entropy correction is enforced.
(2)-Once the region of sonic expansion is detected, an expansion shock can be avoided by diffusing the expansion shock into the domain of computation within the band . The diffusion process is accomplished numerically by moving λ away from its origin. Various formulations could diffuse the expansion shock. The most popular is due to Harten and Hyman (1983) , which maps λ to:
For example, for = 0.5 and λ = 0, the mapping of Eqn. 7 moves λ from its origin to λ new = 0.25. Some of the popularly used entropy correction formulations are given next.
Accuracy Assessment of Entropy Correction Formulae
In the following entropy correction formulations it should be noted that,λ is the eigenvalue determined at the Roe's averaged condition, e.g. 
2. Harten and Hyman (1983) It should be noted that in these formulations, only one is needed for the Burgers' equation. For the one-dimensional flow, such as shock tube problem, three 's are required each corresponding to an eigenvalue.
Each of the entropy correction formulations (1) to (3) are applied to some determining test cases. The test cases used here are: (i) the scalar inviscid Burgers' equation subject to an initial expansion shock and, (ii) the shock tube problem. These are some of the standard test cases for which there is an exact solution available. Therefore, the numerical algorithms can be carefully assessed depending on how their solutions agree with the exact solutions. As the first test, the Roe scheme is applied to the inviscid Burgers' equations. The Burgers' equation is a hyperbolic equation in time, needing an initial condition to advance the solution in time. This initial condition is sketched in Fig. 1 which represents a sonic-expansion. Hence, the solution of the Burgers' equation subject to this initial condition would be predicted as an expansion shock by the Roe scheme. Therefore, the problem becomes a determining test to assess the accuracy of the entropy correction formulae (1) to (3) .
Inviscid Burgers' Equation
The exact solution for this problem is shown in Fig. 7 -a at time t = 1.0 sec. It shows that the initial sonic-expansion is totally diffused as a centered fan around the point of expansion, i.e x = 2.0. Fig. 7-b shows the Roe's scheme prediction, at iteration 81, equivalent to t = 1.0 sec, when no entropy correction is blended to the scheme. As shown in this figure the initial condition is faithfully repeated as the solution is advanced in time, where an non-physical expansion shock has been propagated. This makes necessary the enforcement of an appropriate entropy correction formula.
Entropy correction formula (1) partially diffuses the expansion shock as shown in Fig. 7 -c. However, a small expansion shock still remains at the center of the expansion fan. Entropy correction formula (2) reduces the size of the expansion shock. However the shock has not totally disappeared as shown in Fig. 7 -d, although it shows improvement over formulae (1). Entropy formula (3) which uses a fixed band to impose the entropy correction, in this example = 0.1, is not recommenced because it produces a rather large expansion shock, as shown in Fig. 7 -e. Entropy correction formulae (1) to (3) are applied to the shock tube problem next.
Entropy correction formula (4), i.e. the modified (or proposed) entropy correction formula in this paper, will be explained later in this paper.
The shock Tube Problem
The next test case from the family of Riemann problems, is the shock tube problem. It contains all the challenging elements of fluid flow which makes it very suitable for assessing the predictability of the numerical schemes. These elements in particular are: shock waves, contact discontinuities, and expansion waves in an unsteady frame of reference as shown in Fig. 2 .
The shock tube problem is an initial value problem. Therefore, as for the Burgers' equation, initial conditions are required. The initial conditions for this example are:
, and u L = u R = 0, where p, ρ, and u denote pressure, density and velocity respectively and index L corresponds to the left side of the shock tube and R to right, and the L and R sides are separated by a diaphragm which breaks at time t = 0 sec as shown in Fig. 2 . In this paper, only Mach number distributions along the tube are shown for comparison purposes. A complete solution for this problem is given in /citekermani2001. Fig. 8 shows the Mach number distribution at t = 3.9 milli sec after the diaphragm is broken. Fig. 8 a shows the Mach number distribution obtained by the exact solution. As expected and predicted by the exact solution there is no expansion shock at the point of sonic-expansion, i.e M ach = 1.0. Fig. 8-b shows the result from Roe scheme with no entropy correction. This figure shows expansionshock occuring at the sonic point, which makes necessary the enforcement of entropy corrections.
Entropy correction formula (1) partially diffuses the expansion shock as shown in Fig. 8-c . However, an expansion shock still remains at the center of the expansion fan. Entropy correction formula (2) reduces the size of the expansion shock. However the shock has not yet totally diminished as shown in Fig. 8-d . Entropy formula (3) uses a fix band for entropy correction, with = 0.1, and produces a significantly larger expansion shock, as shown in Fig. 7 -e.
The entropy correction formula (4) as developed in this paper is applied to these test cases and its accuracy assessment is given next.
Current Entropy Correction Formulations
Although, the entropy correction formulations given in the previous section can partially diffuse the expansion-shocks and convert them to expansion fans, they cannot totally diminish the expansion shocks. Moreover, none of them are universal so that a single formulation is not applicable to a wide range of test cases from the inviscid Burgers' equation to the fluid equations like the shock tube problem or multidimensional cases. A simple modification is applied to that of the Harten and Hyman (1983) entropy correction and a formulation is proposed which can be applied to a wide range of problems. It can totally diffuse the sonic expansion shock into an expansion fan without influencing the rest of the computational domain. This is formulated as follows.
Entropy Correction Formula 4
The current entropy correction formula is as follows:
The formulation for theλ new is exactly the same as Eqn. 7. However, a four times wider band than what has been proposed by Harten and Hyman (1983) in formulation (2) is necessary for the . This allows the expansion-shock to totally diffuse into the computational domain and completely disappear and a solution more consistent with the physical solution is obtained.
In formulation (4) either 1 or 2 could be used for the whole range of test cases and they are universal. The difference between the results obtained from 1 and 2 were not distinguishable for the test cases performed. However, 2 looks more applicable as it contains the information from both sides of the cell face for which the entropy condition is enforced. In this study 2 is applied here. In fact for the Burgers' equation 1 and 2 are the same.
Formulation (4) is applied to the scalar Burgers' equation and the result is shown in Fig. 7-f in which the computations are performed with both the first order and the second order upwind schemes of Roe. The MUSCL idea is used for the second order case and the un-wanted numerical oscillations are damped with the minmod flux limiter. It can be seen from this figure that no expansion shock is present.
For the shock tube problem, the same entropy fix formulation (4) is applied and the result is shown in Fig. 8-f . Like the case of Burgers' equation, the first order and the second order upwind scheme of Roe are applied to the shock tube problem in which the MUSCL idea is used for the extrapolation of primitive variables pressure, velocity and either temperature or density. The un-wanted numerical oscillations are damped with the minmod flux limiter. As shown in Fig. 8-f , the expansion shock has totally disappeared and is replaced by the expansion fan at the sonic-expansion region. Entropy fix (4) is applied to some multi-dimensional cases and the results are as follows.
Inviscid Shear Flow
The system of Euler equations admits several kinds of discontinuities. Excluding shock waves, where all the primitive variables experience abrupt changes, other kinds of discontinuities also exist. Slip lines or shear flow are defined by the condition of uniform pressure but an abrupt change of tangential velocity, as shown in Fig. 3 . Two parallel streams with the Mach numbers, M inA = 2.00 and M inB = 4.00 enter the domain of computation. According to the characteristics of inviscid flow governed by the Euler equations, there are no means by which the two streams could diffuse into the other part. Therefore, the same condition as the inlet should be faithfully recovered all over the computational domain. In this computation 91 × 81 uniform grids are used. As the solution advances, the inlet boundary condition dominates throughout the domain. This procedure is shown at the intermediate iteration numbers 400 and the final converged iteration number 4000, in Figs. 9 and 10, respectively. In these figures velocity vectors together with the iso-Mach lines are shown. all of the predictions overlap each other and just one line is seen. The numerical algorithm used here, flux difference splitting (FDS) scheme of Roe (1981), is first order. However, the discontinuity is captured only via two grid points. This has also been verified by Manna(1992) . This confirms that the numerical algorithm of Roe (1981) is non-diffusive and is very suitable for shear layers. For the same problem when the flux vector splitting (FVS) scheme of van Leer (1981) is used, the discontinuity is smeared over 6 grid points with a first order scheme. When a second order FVS of van Leer is applied the smearing reduces to 4, Manna (1992). With the same grid configuration when a central difference scheme is applied the smearing is worse than with the upwind scheme of van Leer. The flow streams in this problem are along the grid. This is called grid-aligned flow. This makes the FDS scheme of Roe non-diffusive. However when the same flow is analyzed over a non-aligned grid the discontinuity smears over the grids depend on the flow angle with grid lines. However the smearing is much worse by the FVS of van Leer or even worse by any central difference scheme. To the best knowledge of Manna, as indicated in the lecture notes for the von Karman Institute (1992), there are no schemes which can show better resolution than Roe's (1981).
Transonic Channel Flow Over a Bump
This is a standard test case, as proposed by Rizzi and Viviand for a workshop in the Notes on Numerical Fluid Mechanics (1981). The transonic channel flow over a 4.2% thick bump at the bottom wall is studied here as depicted in Fig. 4 . The thickness of the bump is 4.2% of the chord. The chord's leading edge is located at x = −0.5 and its trailing edge at x = 0.5. That is, the maximum thickness of the bump will be at x = 0. The inlet of the channel is located at x = −2.0 and the exit plane at x = 3.0. The distance between the walls is 2.073 times the chord length of the bump. In our study according to Rizzi and Viviand (1981) This case is solved numerically with a 91×41 grid, which is clustered near the bottom wall as shown in Fig. 12 . The clustering allows better capture of the flow gradients close to the bottom wall. The clustering factor used here is 1.3.
The boundary conditions are as follows. In the subsonic inflow, stagnation pressure, stagnation temperature, and flow angle are specified. In the subsonic outflow, static pressure is specified and the rest of flow parameters are extrapolated from the interior domain to the exit plane. At the surface of the wall, no-penetration through the solid wall is permitted, i.e. V ·n = 0. Surface pressure is determined from the momentum equation in the normal direction to the wall and the total temperature at the wall is set to that of free stream in the steady inviscid flow. Figure 13 shows the iso-mach lines over the bump in channel flow in the transonic regime. Some iso-mach lines are labeled in this figure including the sonic line, i.e. M ach = 1.00. The region enclosed between the sonic line, the surface of the bump and the terminating normal shock is the supersonic pocket. Figure 14 shows the M ach number distribution over the bottom and top walls. As shown in this figure the shock wave is very sharply captured. Also shown in this figure the M ach number profile at the inlet plane is uniform. However, at the exit plane there is an offset. This offset at the exit plane is due to two factors and is explained as follows: (1)Flow stream lines at the bottom wall of the channel experience a shock wave over the bump. This reduces the stagnation pressure. So with the uniform M ach number and stagnation pressure at the inlet, also with uniform back pressure specified at the exit plane, the M ach number at the bottom wall of the exit plane is smaller. (2)-Spurious entropy production is present at the grid discontinuities, Maarel and Koren (1990) . This phenomena is more severe at the bottom wall where grid lines are skewed and the flow is not totally aligned with the grid and some inherently built numerical diffusion is introduced due to the presence of the bump. Therefore, the stagnation pressure is reduced. In a fully subsonic flow, i.e. with M ach in < M c , over the bump, the condition (1) does not apply but the condition (2) still persists and generates entropy which causes the M ach number at the bottom wall to still be smaller than that of at the top wall at the exit plane. To reduce the phenomena of entropy generation as described in the condition (2) a smooth grid as much aligned as possible with the flow is recommended.
The qualitative comparison for this test is given below. Complete details of these computations cannot be included due to length restrictions. However, some key features and points are chosen for the comparison purposes. Among them are: the location of the normal shock, the geometry of sonic line, e.g. the location that the sonic line intersects the bump and the maximum point of the sonic-line curve. Also in the computations of Manna (1992), M ach numbers upstream and downstream of the normal shock were reported which will also be compared. The details of all of these four different computations together with the results obtained from the current computation are all gathered in table 1, showing agreement with the computation of other people are within 2% error. 
Laval Nozzle
Transonic flow in a converging-diverging nozzle also called a Laval nozzle is the last test case studied here. The geometry of the nozzle is shown in Fig. 6 and its contour is defined by a third order polynomial on each side of the throat as follows: Top:
Bottom: For this test case, a 119×27 grid is taken as shown in Fig. 15 . The boundary conditions are similar to that of a previous test case and are not repeated here. Three different flow mach numbers in the Laval nozzle are studied, namely, M ach in =0.6, 0.7, and 0.8. These flow mach numbers are computed based on the ratio of the exit plane static pressure to the inlet plane stagnation pressure.
The results of the current study are shown Fig. 16 . Mach number contours for the three flow speeds M ach in =0.6, 0.7, and 0.8 are shown in Fig. 16-1, Fig. 16-2, and Fig. 16-3 , respectively. As shown in these figures, shock waves move toward downstream as the Mach number increases or in other words as the inflow stagnation pressure increases. The Mach number distribution along the center line for the three speeds is shown in Fig. 16-4 , and static pressure distribution along the center is shown in Fig. 16-5. From Fig. 16-4 and Fig. 16-5 , one can say that as the flow accelerates, the shock wave moves downstream. Also from Fig. 16-4 and Fig. 16-5 it is clear that the shock wave has been captured very sharply. This is due the non-diffusive characteristic of the Roe scheme. With any other scheme such as van Leer it was not possible to capture the shock within three nodes due to their diffusive behavior.
In the diverging portion of the nozzle, flow is supersonic upstream of the shock wave. This requires a choked flow at the throat of the nozzle, i.e. M ach throat = 1. That is, a sonic expansion is performed at the throat of the nozzle and the Roe scheme supposedly perform non-physical behavior. In this acceleration process, the expansion shock is avoided at the throat by applying the current entropy correction formula, i.e. formula (4).
The results of the current study for all of the three speeds is compared with the analytical results of a quasi one-dimensional flow which is summarized in the table 2.
For the given back pressure, the location of the shock wave could also be determined for comparison purposes. This is a time consuming iterative procedure. Rather, the location of the shock could be taken from the current study and then the exit pressure and M ach number to be determined by the analytical results of a quasi one-dimensional flow. This task has been performed and the results are summarized in the table 3 for comparisons.
The comparison between the current study and the analytical results of a quasi one-dimensional flow show average difference of 1 % or less.
Conclusion
A simple modification is applied to the HartenHyman entropy fix formulation and the new entropy fix formula is applied in several test cases. It shows that the current formula can cause the expansion shock to totally disappear from the sonic-expansion region and it is universal and can be applied to a variety of test cases from the scalar Burgers' equation to multi-dimensional flows. [ 
